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AHOTATHOUSA
Ymby w™akona kaaBall KypuHHUIAA OepwiraH (YyHKUMSUIADHU — THKJIAII
Macanacuja KyJjai 6yiran Oomka Oup QyHKuus OMiiaH alMalITHPUIT Ba YIapHU TaXJIUII
Kuwinmra Oarunuianrad. Jlactna®  KJacCMK — MHTEPHONIALIMOH — MOJENIap  KEHT
KynaHwirad. Makonaga gactinad KiIacCHK MHTEPIIONALMOH MOJEUIapAaH Oupu Oynran
JlarpamX WHTEPIIONALMOH MOJENH KYpuO uukuiarad. Jlarpamwk MOAENTHH KypHIIaa
OepunraH KHMMaTIapHUHT OpTHO OOPUINM yIapHU KypHILIJAa MyaMMOJApHHU KJITUPHO
yukapayd. Karra Xakmid kaaBalnl KAWMATIApUHH TUKIANIA KypWITaH KIACCUK
MHTEPIIONIALMOH MoJeuiap €épAamuna Kypwirad (QYHKIHsS TYT'yH HyKTajgapura sxIiu
SKUHIAmMaiad. by MyaMmomnapHu Xan KWiuin Makcaauaa Oynak-nmoJuHOMIapAaH KeHT
KYJUTaHWIHO KeMoKaa. YOy uiiga xaMm OyIrak-moJMHOMIIapiaH Oyiaran kyouk Bezier
Ba B-crumaitH ¢yHKUMAmapuHH Kypuil Ba (yHKIUS KAWMATiIapu acocuia THUKJIIAII
xapaéau rpaduknap Epaamuaa keatupud yrunrad. KyOuk cmmaiin (yHKOmsuiapaa
TYTYH HyKTajap COHM OpTHO Oopulln OWIaH yJIapHU THUKJIAIIJA FOKOPU AHUKIHMK
caknaHuO Konagu. TaJKUKOT sSKyHuAAa Kypwiran Jlarpawk KjIacCHK HMHTEPHOJSIMOH
METOAM Ba OYIIaK-TIOJTMHOMHAI yCyJIIap pacmiiap €paaMujia TaxJuil KUJIHMHTaH.
KamuTt cy3nap: Jlarpamx MHTEpHONSAIMOH Mojel, KyOuk Bezier crumaiin, kyOuk
B-crnaiin, Oynak-mojaMHOMHAN — yCyJulap, anmpoKCHUMAIlUsIIAll,
byHKIMsUIap, TyryH HyKTanap.
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ABSTRACT

This article is devoted to replacing and analyzing the functions given in the table
view with another function that is convenient in the matter of restoration. Initially,
classical interpolation models were widely used. The article first discusses the Lagrange
interpolation model, one of the classic interpolation models. The increase in the values
given in the construction of the Lagrange model caused problems in their construction.
The function built using classical interpolation models built on the restoration of large-
volume table values does not approach the node points well. Fragmentary polynomials
have been widely used to solve these problems. In this work, the process of constructing
and reconstructing cubic Bezier and B-spline functions from fractional polynomials
based on function values is presented using graphs. As the number of node points in
cubic spline functions increases, high accuracy is maintained in their recovery. The
Lagrange classical interpolation method and fragmentary-polynomial methods
constructed at the end of the study were analyzed using images.

Keywords: Lagrange interpolation model, cubic Bezier spline, cubic B-spline,
fragment-polynomial methods, approximation, functions, node points.

KHUPHUI

bunamMu3ku, MaréMarvkaga SIKWHJIAIIMII Ha3apusich (QYHKIUSIAPHU KaHaak
KIWIMO coaaapok (GyHKIusap OWJIaH DHT SXIMH SKUHJIAMITAPUII MYMKUHJIATH Ba
yJap TOMOHHJIaH KUPUTHIITAH XaTOJApHU MUKIOpUi TaBcudam OunaH OOFIHK. by
oJlaTia TMOJMHOM Kymxamiap €pamMuia aMmalira OIMpUiIaan. ANMPOKCUMAIMSIIAII
KapaCHUIa XaTOJMKJIAp KaMm OViuIId TabMUHJAII Y4YyH OViIaK-TIOJIMHOMUANT
yCyJUIapJlaH KEHT KYJUTaHWIaau. BYryHTH KyHJa CUTHAJIapra pakamiid HILIOB
Oepumiga Oynak monuHOMIapAaH GoNgalaHuIl WIMHM TaAKUKOTIApJa KEHT
Vpranunmokaa. byHna acocuit 3pTHOOpPIIN KOWM yIapHU aHUKJIMK Japa)xacu IOKOpU
XOJIaTAa TUKJIAII Ba MaBXKy1 CUTHAJI KUMMAaTJIapy OpATUFUIard KUHMaTIapHA TOTHUIIT
xucoOnaHaau. ByHUHr y4yyH Kypuirad MOJEJUIap acoCujia WHTEPHOJSIUSIALI
xKapaCHH amaira omupuiaau. bumamMusku HHTEPHONAIHS - Oy MabIyM MablyMOTIIap
HyKTaJapu oOpacuaa >KoilalmraH HOMabAyM KUWMaTJIapHU aHUKJIANl KapaCHH
xucobnmanaau. Mucon cudaruia MIOBKUH Japa)xacu, EFUHTapUUIINK, OalaHUINK Ba
Oomikanap kabu xap KaHaal reorpaguk MabiyMOT/Iap HYKTaJIapu Y4yH HOMabiyM
KUMMaTaapHu Oarmopar Kuiauin yuyH uiniatwinagv [1,2,3,10,14]. Ymymuii ko,
UHTEpIOJAUUsIIANIIa OepuiaraH kajaBajl €K TpapuKHUHT OUpOp KuiMatiapu
Oyiinua opaJiMK KUHMaTHU TOMNUINTa Xapakar KWiIWHagu 1e0
ailtTumiumMu3  MymkuH. Kyilimpa Oydra poup Oup Hedra
MHTEPTOJIAIMOH MOJIEJUTAPHU KYPUO YUKAMU3.
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AJJABUETJIAP TAXJIMJIM BA METOJ0JIOTUSI
Hactnab, KiIacCHK WHTEPIONSIMOH  MeTojnapuaan Oupu  Jlarpamxk
WHTEPIOJISAIMOH MOJIETMHA KypWIHIINHA Kypub ynkamus [1,10,12,13].
N3nanaérran kynxaaHu Kyiuaarnda onanuk(1):
L,(x) = ay + a;x + ax? + - + a,x" (1)
by epma a; (i = 0, 1, ..., N) — HOMabJIyM Yy3rapmac Kod(phHUIUEHTIIAP.
WuTeprionsuust Macaiacuaar maprtra kypa Lp(X) ¢yHKmUsS Xo, X3, ..., Xp
uaTeprioysinusg  Tyrymiapuaa L,(Xo) = Yo, La(X1) = Y1, ..., La(X)) = Y, Kmiimatra
spumagu. Y XoJiaa Xo MHTEpIosus Tyryauaa Ly(X) nHTepnossimon Kymxa,n
L,(x0) = ag + a1xg + -+ apxy
KYPHHHMIITA, X; HHTEPIIOJISAIMS TYTYHHIA
L,(x)) =ay+ ayx; + -+ apxy
KYPHHHMIITA Ba HUXOAT X, HHTEPITOJISIIHS TyTYHH 1A
L,(x,) =ag+ ayx, + -+ apx;
KypuHumra sra Oynaau. bymapau Nn+1 Homabiiymnum TeHrjiamaiap CHCTEMACH
KypuHUIIMaa udoaanaiimms:
ay + a1 xg + -+ axi =y,

ay+a;x; + -+ axtt =y 2)
g + a1 x, + -+ ax; =y,
by epna xiBa y; (i = 0, 1, 2, ..., N) — Moc paBuIiga Oepwiran QyHKIUSTHHHT
KaJABAI KHMMATJIapH.
Cucremanaru ap, @i, ..., 8, HomawaymiaapHu Kpamep dopmynacu €pmamuma
AHUKJIAUMU3:
AN _ N _ Ay
Qo =7 Q1 =7, ) QG = 3)

by epna A - (2) cucrtema nerepmunanTi. Arap A # 0 6yica, y xoijia cucrema
AroHa eyumra sra Oynaau. XakukaTaH (2) CHCTEMaHUHT JETEPMUHAHTH

1 xo xt x5 - xf
n
N L I T
2 3
1 x, x5 x5 ... xi
X0, X1, ..., Xn TYTYHJIap YCTMa-yCT TyIIMaraH XoJjijia HojjaH (apkyiu Oyiaam.
Homabiym xo, x1, ..., Xy K03hHUIIEHTIAp COHUHU aHUKTa0, N3aHAETraH KYTIXaIHU
Ao , A Az 2 Apn
Ly(x)=—+—x+-—"x*+--+ —x"
n(%) A A A A

(4)
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kabu udoganam MyMKHH. Exu 6omrkaua
Ln(x) = yoQo(x) + y10:1(x) + -+ ¥, 0n(x) = XiZ1 %:Qi(x)  (5)
kypununaa udomananumm MyMKuH. by epna kypuaud typudauku Qj(X) yHkms
_ (0,arap i # j 6yica,
Qi(x) = {1, arap [ = j 6y.ca
[IAPTUHU KaHOATIAHTHPHUIIH KEPAK, OCOHTHHA TEKIITUPUO KYPUIIT MyMKHHKH, OyHIai
[IAPTHU KAaHOATIAHTHPYBYU KYTIXal
(X=%0) (x=x1) .. (X=Xj—1) (X—Xi41) ... (X—Xn)
i(x) = 6
Ql( ) (xi=x0) (Xi=2x1)... (Xi=Xj—1)(Xi=Xi41)... (Xi—Xn) ©)
KYpPHHHIIAA OYIaman. Xo, X1, ..., Xi-1, Xi+1, ..., Xn HyKTasmapaa Q;(x) dynakmus 0 ra, X;
HyKTaaa 1 ra tenr 6ynamau. (5) Ba (6) HaTHXKaHU YBTUOOpPTa OJICAK,

L — \n (x=x0) (X=X1) .. X=Xj—1)(X—Xjt1) .. (X—Xpn) 7
n(X) = dio _ _ e e _ 4 (7)
(xi=x0) (Xi=x1) ... (0i=Xi—1) (Xi=Xj41)... (Xi—Xn)
KypuHuaaru Jlarpan:x HHTEPIOISIUMOH popMyiacura sra 0yiaMus.
Mucon cudatuna  l-xagBannmarm  Kuiimatiapu — acocuaa  Jlarpamxk
MHTEPIIOJISILIMOH MOJEJIMHU KyPHILl aMara OUIUPUIIIH.

1-oicaosan.
f(X) pyHKUHMSHUHT 1acTIa0Ku KHiMaTIapH.
X 3 4 5 6
y 2 5 4 2

Kanpanga kentupuwiraH KAWUMAaTIapHUHT COHM 4 Ta Oynraniauru yuyyH N=3
napakanu kynxan Kypuwiaau. JKanBammarn kuiimatiaapHu  rokopuparu - (7)
dbopmynanan (Qoigasianran xoyjaa, Oup KaHya CoAJaNallTHPUIUIApAaH CYHT,
KyHuJaru Kynxajara sra oyiaamus.

L(x)= 0.5x>-8x°+40.5x-61 (8)
Kansanga 6epunran kuiiMatinapau (8) dbopmysna acocuna Martnabd unram MyxuTuaa
rpaduK KYpUHHUIIHHT X0CcHI Kuitamu3 (1-pacwm).

55

—e— TyryH HykTanap
sl

—— NarpaH>x

451 4

251 —

I I I L I
3.5 4 45 5 5.5

1-pacm. Jlaecpamnoic mooenuHU UHMEPNONAYUANAUL HATNUHCACU
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Pacmpan kypummmun3 myMkuHkH, Jlarpamk moxenu f(x) dbyHkumsHM sxanBanga
KEeNTUPUIITaH TYT'yH HyKTaJapuJaH YTraH JEKUH (PyHKUIUATA SXIIW SKUHIAIITaHUHHA
KYPHUILINMHU3 MYMKHH.

bynak-nonmuaomiapnan Oupu Oynran Bezier xyOuk cruaitH (yHKIMSICHHU
KypuiHd Kypuo unkamus [7,8,9,11]:

Ymymuii xonatna, Py HykTanmap ydayH N mapaxkanu Bezier crmaitH monenuHuU
KypHIIHU (opMyiacu KeaTupuirat (8):

B = ) bia(oP, ®,
i=0

Oy epma, b;,(x) bepumreiin mnonuHOMIAapu IeHMIagM Ba KyHugaruda
xucoonanaam (9):
bin(x) = Clx'(1— )" (9),
Ba C* Bunom kosdpdunentnap neimnamu. C* xkosdduuentiapau (10) dopmyna
acocHa Xuco0iad TOmHIaIu.

. n!
Ch = —— 10),
ooil(n—0)! (10)
Oy epaa, n! — N gakrapuayHu OUIIUpaIN.
Hemak, (9) Ba (10) dbopmynanapunu OupnamTipud, HATHXKaIa N Japakanu

bepHIITeH MOJTMHOMIIAPUHN aHWKTaiaurad GopMyiara sra 6ymamus (11):
|
— i _ n—i

Mucon yuyn (11) dopmynanapunan Qorinananud, kyOuk bepHIITENRH

MOJIMHOMJIAPUHM XUCOOJIaiMuU3:
|

bo3(x) = mxo(l —x)30%=(1-x)3 (11.1),
3! 1 —1 _ 2
by 5(x) = Wx (1—x)31=3x(1-x) (11.2),
|
b2,3(X) = mxz(l - X)3_2 = 3X2(1 - X) (113),
b33 (x) = §x3(1 —x)33 =x3 (11.4).
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Ky6uxk bepamreitn nomuHoM kymxamiapu [0:1] opanukna Kydugaru
KYpHHHUILTA 3Tra Oynaau (2-pacm).

B(0,3) X
B(1,3) X
a8 B(2,3) X i
B(3,3) X

L | I I I | L
0 01 02 03 04 05 06 07 08 09 1

2-pacm. Kyoux Beprnwumerin notuHom Kynxaoniapu KypuHumiapu.

Mucon cudaruga l-xanBamma OepwiraH HyKTajdap YYyH YuuHuu Iapaskaiiu
Bezier crnaitn monenunu Kypamus. (1) dopmynama n=3 oymranna, (11.1), (11.2),
(11.3), (11.4) napnan doinananud B(x) xymxamguau xocun Kuiaamu3 (12).

B(x) = PyBg3(x) + Py By 3(x) + P,B; 5(x) + P3B33(x) =
=Py(1 —x)3+ P;3x(1 —x)? + P,3x%(1 —x) + P;x3.  (12).
oy epna, Po, P1, P,, P3 kuiimaTnap:
Po= A(3,2); P,= C(5,4);
P,= B(4,5); Ps= D(6,2);
kabu O6enrunad onamus. bepunran Py, P;, P,, P3 HykTanapHuHr KopJauHaTaiapu X,
X1, X2, X3 Ba Yo, Y1, Y2, Y3 Ousra mawaym (1-xaasan). Auru xocun Oynaguran cruiaitH
dbyukiusa X Ba Y KoopAMHATANApy KyWuaarnda aHUuKJIaHa IH.
X(u) = xoud + x3u(l —u)? + x,3u?(1 — u) + xzud.
Y(u) = youd + y;3u(l —u)? + y,3u?(1 — u) + yud.
Oy epna, y €[0:1] opanukna 6ynu6 0.1 kamamaa xucobmananu. X Ba Y y3rapyBuniapu
XOCHJI KWJITaH KoopanHaTanap rpaduru 3-pacMmaa KEJITHPHIITaH.

6

55 — TyryH HykTanap
—6— Bezier cnnaiH

(18

451

Fys

35

3L

25}

. . . | .
3 35 4 45 5 55

3-pacm. Bezier cnaaiin époamuda annpokcumMayusiaul Hamudicacu
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Pacmaa nactiab taHna® osnmHraH HyKTranap Ba Oy HyKTajap acocuja XOCHII
KWJIUMHTaH cijiaiiH ¢QyHKuus €pAaamMuaa XucoOJiaHraH KUWMaTiap TacBUpPJIAHTaH.
Kypummvns mymkuakd, 3-napaxana Bezier cromaitH QyHKuusich HucOaTaH SXIIH
SAKUHJIAIIMAaraH.

Kyitmna kyouk B-cimailH QYHKOMSCMHM KypUIIHH KYpuUO YHKaMUs3.
Kapanaérran ¢pyHkuus erapnuua CWIIMK Oyiamaca, y Xonjaa Oy (yHKUUSHU CIUTaliH
GyHKIUsIap OWiaH SKUHJIAIITHPUIL Makcaara MyBOQUK Oynaau. SKMHIamTupuiln
AQHUKJIUTH IOKOpHM OYJraH CIUTaH (QYHKIUSHM yYyHYd Japaxkanud B-crutaiiHupgan
doiinananmnm sxmm camapa oepamu [1,2,3,6,8,10]. Kyiinga n — napaxanu uxtuépuii
Sn(x) uarepnonsiusaanaauran f(x) GyHKIUsS KyHuaaru KypyuHuiira sra oyiran B-
crutaitHHuHT [a:b] opanmuknaru dpopmynacu kearupuiras (13):

n-1
fO) =8, = ) biBiu(x),  asx<b (13)
i=—1
By epma n — cmmaiiH pmapaxacu, b; — kosddunuentmap, B;,(x) acocuii
dbyukusan udonanaviau. FOxkopuaarn dopmyna acocuma N=3 xoyatuaa Kyouk B-
cruiaitH GpyHKIMsACHHNA KypuoO unkamus (14).
S3(x) = b_1B_1(x) + boBo(x) + by B1(x) + b, B,(x), (14),
(13) dopmynanaru B;, (x) acocuii GpyHKIUSAHUHT KMIMaTIapUHU KyHHgaruda
xucobmaiimus (15), (16):

(1, arap x; < x < Xjyq,
Bio(x) = {O, GOLIKA XOJIAT/A. (15)
X=X Xitn — X
Bin(x) = ———Bin-1(x) + ————Bi11n-1(%), (16),

i+n = A i+n = i+l
B;3(x) acocuii ¢ynkumsau x € [0:2] opammukma xucoGmaiimu3. bup kaHua
XucoOyianiap Ba COMJAJAIITUPUILIApJAH CYHI KyOuk B-crutalHHUHT acocuit
byHKIMACH Kylnaaru KypuHumra sra oymaau (17).

r 0, x =2,
@)’ 1<x<?2
B3(x) = 1 1+36 2 3 (17)
(1-x)+3(1—x)*-3x
- , 0<x<1,
\B(—x), 0<x

KyOuk B-crutaiinauar acocuit GpyHkiusicunau [-2:2] opanuruaard rpaduru
Martna0 uiram MyxXuTuaa Kyiuaara Kypuauinaa oynaau (4-pacm)
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07

—— Kybuk B-cnnaiH

06

05F

04

03

02

01

0 oy | 1 1 1 L =
2 15 = 05 0 05 1 15 ?

4-pacm. Kybux B -cnaaiin.
Kyiinmnarn pacmpa kyOuk B-crutaiimiap ownmacuau Oapua kucmutapu [-3:4]
opanukaa axpatub kypcaruiarad. B_; (x) — ou kyk panrma, By(x) — xkusun, By (x) —
TYK KYK, B, (x) — Kopa panrna uuswirad. (5-pacm).

07 T T

/'/,\

B-crnaiin
06 "
ouiack

05}
04
03k
02f

/
0.1F /

3 2 1 0 1 2 3 4

S-pacm. Kybux B-cnaaiin ounacCu.

S;(x) wm  xucobmamr skapaéHuma B-crumaiimamar  [0:1]  opanmkmaru
KuiimMaTinapugad  (Goigananu0, CUTHAUIAPHU IOKOPU aHMUKJIMKIA  THUKJIAIIra
DPUIIHAIIAH.

(13) dopmymamaru b; koddduIMEHTIaApHN XHCOOJaIl >kapaéHuIa OepuiraH
KAAMATIAPHUHT KaHYaJaH OJMHMIIUra Kypa Typiauda xucoOmanaau [5,6]. bus
Oepunrad kKuiimaTiap €paamuna b; xkodhpUIMEHTIApHU Yu, OCwi, emmu HYKTaIH
dopmyia Epnamuaa anukitaimus (18), (19), (20).

b; xorddunreHTIapHN XUCOOIAMTHUHT 3 — HYKTaJId (popMyIiacu:

1
bi = (5) (fis +8fi = fisn), (18),
b; xoddpdunMeHTIapHN XUCOOJAITHUHT S5 — HYyKTadu
dbopmynacu:
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1
bi = (5g) (e = 10fics + 54, = 10fi0s + fis), (19,

b; xorhdunreHTIapHN XUCOOIAMTHUHT 7 — HyKTaJM (popMyIiacu:

1
b; = (2—16) (—fi_s + 12fi_y — 75fi_1 + 344f; — 75fis1 + 12f 15 — firs), (20).

Oy epna, f; — nactnabku OepwiiraH HyKTajap KHUMAaTH.

Mucon cudarumga Oepwiaran 1-kagBaaHuHr Kuiimatinapuan (14) gam
doiinananu® anmpokcuMaIus KwiaMu3. ATIpoKcuManusianm xapaéau rpaduru 6-
pacmia KeJITHPUIITaH.

6

—e— B-cnnaiiH

55
—— TyryH HykTanap

5

4.5

4

3.5

25 4 45 5 55

6-pacm. B-cnaaiin époamuoa annpokcumayusiaws Hamudicacu.
Pacmpan kypunamuku, l-xkanBanga Oepwiran HyKradapra B-crutaitn
(YHKUMSCUHM — allpOKCUMalMsIall  KapaHU IOKOPH AHUKIWKAA OYJIraHWHU
KypcaTaJu.

XVJOCA

Xynoca kKm0 altaauran OVicak, TaAKUKOT HaTWOKalapuJiaH KEIu0 YUKraH
X0J1/1a, CHUTHAJIapra MIJIoB OEpUIAa KIACCHUK MOJWHOMIIAPHU KYJUlam Oup KaHda
HOKYJAWIUKIAp TYFAUpaaud. YiapAaH OUpH KuUKWMaTiIap COHU Kymailmb Oopuliu
OWIaH MOJIENHWHT KyPWJIHIIA MYypakkaOjaamwb, OJMHTaH HATHXalap XaTOJUKIIapH
optu6 ketajau. byHmail xonmaTHuW Makosana JlarpaHk WHTEPIOJSIMOH METOIUHU
KYpWIMIII  YCYyJIUHM  KEATUpuO,  (QyHKIUSUIApHU ~ WHTEPHOJSAIUSIAIl  Ba
anmpoKcUMalus Kwinin  kapaéuuga kenrupub yruaau  (l-pacm). V' epna
KEeNITUPWITaH KaMYWIMKIapHU Oaprapad KWW Makcaauaa OViIak-TIoJIMHOMHUAT
ycyiiapuian KyOwk Bezier cmmaitHn Ba B-crutaiiH  GyHKOMsapuHM - Kyuiad
HaTwkanmap oymHau (3,6-pacmiap). 6-pacmiapaard HaTKara
Kypa, B-cnmaiiH MOAENM KyJulalll OPKAJIM FOKOPU Japakajarv
AHUKJIMKKA YPUIIUIT MyMKHH SKaHJIUTH aCOCTIaH/IH.
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