Academic Research in Educational Sciences Volume 4 | Issue 3| 2023

ISSN: 2181-1385 ISI: 0,967 | Cite-Factor: 0,89 | SIS: 1,9 | ASI: 1,3 | SJIF: 5,771 | UIF: 6,1
|

MODELING CROSS-DIFFUSION PROCESSES IN MULTIDIMENSIONAL
AREAS

Abrorjon Mamatov
National University of Uzbekistan, 100174, Tashkent
mmtovabrorjon1995@gmail.com

ABSTRACT

In this paper, we study modeling cross-diffusion processes in multidimensional
areas. It is proved that for a given equation, the parameter values exist and have a
numerical solution. The system of equations considered in this paper is based on most
physical processes, for example, the cross-diffusion process in this system, thermal
conductivity, polytrophic filtration of gas and liquid in nonlinear media is described by a
source. There are a lot of partial solutions to this equation. One of the main methods of
studying the problem under consideration is the construction of an integral self-similar
solution. To do this, initially, when constructing a system of self-similar equations, a
nonlinear subtraction method was used. The following results were obtained from this
work: the front for the equation of nonlinear heat generation with doubled energy was
estimated, the localization process was observed, new effects were observed, an
algorithm was constructed in accordance with the obtained self-similar solution, a
program code was created in the programming language, and the process modeling was
visualized.

Keywords: cross-diffusion systems of equation, asymptotic solutions, new
effects, self-similar and approximately self-similar solution.

KO*‘P O‘LCHOVLI SOHALARDA KROSS-DIFFUZIYA JARAYONLARINI
MODELLASHTIRISH

ANNOTATSIYA

Bu ishda ko'p o'lchovli sohalarda kross-diffuziya jarayonlarini modellashtirish
tadqiq qilingan. Ko’rsatilgan tenglama uchun parametr qiymatlarining mavjudligi va
sonli yechimga ega ekanligi isbotlangan. Ushbu ishda ko'rib chigilgan tenglamalar
sistemasi ko'pgina fizik jarayonlarga asoslangan bo’lib, masalan, bu sistemada Kkross-
diffuziya jarayoni, issiglik o'tkazuvchanlik, nochizigli muhitda gaz va suyuglikning
politropik filtrlanishi manba bilan tasvirlanadi. Bu tenglamaning juda ko’plab xususiy
yechimlari mavjud. Ko'rib chigilayotgan muammoni o'rganishning
asosiy usullaridan biri taqribiy avtomodel yechimini qurishdir.
Buning uchun dastlab avtomodel tenglamalar sistemasini tuzishda
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chizigsiz ajratish usulidan foydalanildi. Ushbu ishdan quyidagi natijalar olindi: ikki karra
chizigsiz issiglik targalish tenglamasi uchun front baholandi, lokalizatsiya jarayoni
kuzatildi, yangi effektlar kuzatildi, olingan avtomodel yechimga mos ravishda algoritm
qurildi, dasturlash tilida dastur kodi yaratildi va jarayon vizual modellashtirildi.

Kalit so‘zlar: kross-diffuziya tenglamalar sistemasi, asimptotik yechimlar, yangi
effektlar, avtomodel va taqribiy avtomodel yechimlar.

INTRODUCTION

Consider in the domain Q-={tx):ter,,xeRr} parabolic system of two cross-
diffusion equations:

X %u = dinx|numl’1|Vu| P2y )+ #(tuvi|x* .
Kk % = dinx|nvm2‘1|Vv| P2y )+ y(t%v|x" @
with initial (Cauchy) condition
u(0,x)=uy(x)=0, v(0,x)=vy(x)=0, (2
where m >1m,>1p>2,q,,0,.5.1,>1kleR IS the parameters, u,(x)v,(x) IS the initial
conditions, | |x is the density of the medium, o< (t)<c(o,) is the specified function.

Before constructing a self-similar solution of the system of equations (1), let us
consider some cases of diffusion, for example: m +p-3>0,i=12-the state of slow
diffusion, m, + p—3=0,i =12 -the critical state(the asymptotic is summed up depending on its
solutions), m, +p-3<0,i=12 is called the state of fast diffusion. An asymptotic solution is
usually understood as a solution of a system of nonlinear equations that can satisfy certain
conditions. Let us consider the reaction-diffusion system (1) for the case with a double
nonlinear variable density and study its numerical solutions (by calculation methods). The
equation (1) represents a number of physical processes [1]: the reaction diffusion process
in a nonlinear environment, the heat dissipation process in a nonlinear environment, the
filtration of liquid and gas in a nonlinear environment, they represent the existence of the
law of polypore and other nonlinear displacements [2-3].

The Cauchy problem and boundary value problems for the equation were
observed by many authors in one-dimensional and multi-dimensional cases [4-5]. The
equation (1) in the processes represented by the phenomenon of finite distribution of
temperature occurs [6]. In the presence of an absorption coefficient, the phenomenon
of the “rear” front can occur, that is, the left front can stop after a certain time and
move along the medium [7].
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MAIN RESULTS AND SOLUTION METHODS

We can translate the system of equations (1) into a system of radial-symmetric
equations so that we can find a solution to a self-similar or an approximately self-similar.
To do this, we first introduce the notation as r=|x, so that we can translate the system of

equations (1) into a radial-symmetric system:

ou

ot or

ou . _ _
rk divi rn N-1 m-1
or

p-2 1
X J+ y(Eusvirk

3)

ov|"?

rk @ = div rI’1+N—1Vm271
ot or

|
il J+ y(Euvirk

or

After performing the substitution (3), to find a self-similar solution of the system of
equations (1) and the solution of the approximately self-similar, we use the following
method:

{u(t,r)=U(t)-w(r(t),¢(r)) @)
v(t.r)=(t) 2(z(t) o))

Now we calculate the initial part of the system of equations (1), as required, as
follows:

- a
da Cag a(t)= Al To+ | 7(n)dn ___ 1-n+n

= —(t)- gty 0 o =

dt ) ate - L ! J | ' (9 —2)r, ~1)-ra,
dv g i t 92 1-q+0qp

— =y(t)-u%v" i a, =

a7 WWO=r Tt [rodn| | G D

L 0 i

n

I-n ] - (-2)r,-1)-na,

2 1
where it is equal to Alzlaz a . A, =|A-% o5 After performing the

calculations, the system of equations (3) takes the following form:

p-2 I
g_a) _ (pl—s 8i[(ps—lwml—lz_a) Z_a) J_i_}/(t)qu(m1+p+l—3)\7r1 (a)qlzr1 _a))
T 4 %4 4
P2 (5)
2_Z=¢l_s ai((ps—lzmllg_z g_z J+7/(t)jq2vr2(m2+p+l3)(wq22r2 —Z)
T % %4 %4

From the system of equations (4)-(5), (1)-(2) there are important considerations on
the question: if m, +p+1=4; i=12

)= [P 40 = [P > a

or if m+p+1=4i=12 is equal t0 ~(t)=T+t. From these considerations, it follows
that the values of arbitrary and non-zero variables:
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p+k—n
P in=p+k N +k
o(r)= p+k—n S=p—F—
p+k-—n
In(r);n=p+k ©)
_ 9
)= 10 |75 Je=e”
| /P = 1¢&
Z(T’¢)=g(§) ,}/ éf =_—_2
g, =7 7" pr

After substituting (6), the system of equations (3) takes the following form

p-2
c(jjfg J y(t)ﬂjch—(ml"' p+|—3)\7r1(f ‘hgﬁ _ f)

df
dg

_iédf_ls s—1 ¢ my—1| M7 |
prdé s rdg(g f

ldg s s—1 m,—1
¢ dg(é 9

(7) by reducing (reducing) the system of equations, we form a system of equations
of a new form:

(7)

dg dg Ao —(My+p+1-3)[§ qp AT
t 272 —(m; 22 _
iz ngﬂ/()ﬁJ v (Fog=—g)

df
dg

p-2 |
gl_s i[fs_l gmzfl d_g di}.,.é}/(t)ﬂj%vrz(mz*p*l?’)(f gz grz _ g): 0

gl—s c;j_é:[gs -1 fm1—1

p-2
df J é}/(t)fﬁql_(m1+p+l_3)\7rl (f qlgq _ f)zo

g ) p

8)
dé di| d& ) p

To find a solution to this system of equations (8), we introduce another repeating
self-similar pattern:
{f‘(@): Aley &)

9(¢)=Bla, &7 J"
wherea, >0;i=12, 5 >0;i=14 is equal.
To facilitate the calculations, we calculate the first equation of the system of
equations (8)'

L[df|° df' sl am-1(n e Y2 (mu-D)

'(— AI72|71§]/1_1(31 -&n )VZ(I_l)j =

_ _Am1+p+l—3(}/2 )I+p—1(}/l)l+ p—lllés—h- (r1-2)(p-2)+(r, ( _gn yz(mrl)*(h “1)(p-2)+7,l-1 _
— AT PH3(y YL (5 L5 LU 1( smy +m; + p-3)+1-p

él—s dd_g[é;s—l f'ml—lﬂ Ej"’%:_;"'dl(f_qlgﬁ _ f_):

:_él—s[Am1+p+l—3(72)p—l(7 )p 1|(S 1(7/ 1)(p 1))55 2+(r,-1)(p 1( gmy (1+m;+p-3)- P
AT P 1y 4 p-B)e 1 ple g g TP

_ % A7172§71 (al 4:71)7 (Afh Bql( _en )72 Bl (a2 — 7 )74 _ A<a1 —&n yz ) -0
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Now we will find the unknown parameters from equality (9):

(71—1)[):713 n= -1

p-1
l+m +1-3)p=y, 1=y, =— 1~
72( h )p V2 V2 Ism +p-4

i 10
Am1+p+|—3(71)p(7,2)13—1|%=%A7ﬂz ( )

1
L yen(, e (Lt my+ p—4) |mpeis
A—{(Vl)l (72) pl(l— p) }
As can be seen from the calculation equations, the following parameters are found
from the second equation of the system of equations (9):

1
S O et ST of e (14 My + p—4) [merpsi-a
& p-1 4 l+m +p-4’ [(73)1 () pI(L— p)
Combining all the calculated equalities, we get the integral self-similar solution we
are looking for:

n

o | (g1 -1)-na, t “
ualt, X)=| @y * {Tﬂ j V(U)dn} Ala &)
0 (11)

1

ltn)=[A e ]“ W"”} oo,

Since all the parameters in equality (11) for which an approximately self-similar of
the solution is found, we now see an asymptotic process for some special cases. We have
described the asymptotic in detail above. If, in the above equation (8), the following
change is made to the process of finding a calculated self-similar solution:

()M PH=3IGh s const., t—> o0
() %vz M PH3) L const, t—> o0

If equality (12) holds, then we can imagine how the solutions of the self-similar
(11) we have found will change. The condition (12) introduced by us is now considered
the asymptotic state of equality in case y(t)=const . First, we check the system of equations
(12) through a new limit condition:

f(0)=c,>0,f(d)=0,

9(0)=c, >0,9(d)=0.

where is 0<d <+ . (12)-(13) For the problem in 4(t)=0,n=0, 1=0, p=2 cases, that

the solutions have a trivial self-similar solution and existence properties [4], [9], [11] it is
quoted in the works.

To find out in which cases fast and slow diffusion occurs in the
system of equations (12), we perform a substitution in the form:
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f&)=fEwb) . 5 14
e USRI 14

were

f(¢)= A{al —5*’81} = Ae ™7
(15)

P 74
9(¢)= B[az -¢ p‘ll =Be 7"

or it can also be replaced with another form:

f(¢)=c.f(¢)
{g(§)= c,3(¢) (16)

Combining both methods, we form the following system of equations:

" gf! ;
E+§S(W2)P* f EC(O@O)

. 17
‘;%+§S(m>p-lgec<o,oo>

dof
dé

a9
dg

or it can also be written in another view

gl—s ;_5[551 f'ml—l

és—l fml—l

és—l gmz—l

df
dé

2 .
LU AR =T
ng— (772) (Sf+§d§j

(18)
—|p-2 g
g 1[551 gmz—ld_g p E]Z—(W4)pl(5f_+§d—gJ

dg dg|  dg dg

We will carry out this system of equations (18) separately, putting two equalities.
After calculating the first equality, the following result is obtained:

df

df " df!
dé -

d
dy,

E‘h)’l

gtpmt yPrE L (yy)

p=2/ 1
d
=

From the second equality, the following result is obtained:

m -1

Ll(Y1): Y1

-2
s-1. . m-1 dg P dgl p-lgs=
-1 MY hu- A L
&g el ar7 E5gL,(y,)
ld iy
Lo(y,)=y3" 1%—y4y2 (ﬁ—ny{J
n dn

Combining the obtained results, we obtain a new system of equations:
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- p_z £l

df df p-1f &n enood

Ll I flls— Ly, +7——— L
de dg} (?/) H 7/27/1a_§y1 1Y1 71a_§y1 a7 1Y1

—1P=2 n n
515££<§Sl gmz_lj—g %]:(7’)p_1§{(3—7471afgh}—z)’z +71af i|—zy2]

If we also consider the newly formed system of equations (19), divided into two
parts, and then the following result will be obtained in the first part:

]_ n—r,+1
(Uh _1)("2 —1)— nd;

é;l—s ;_g[%gs—l fml—l

d

71_p(ﬂ1(77))’1+

d S 1 _ dy
_(L1y1)+(_¢1(77)—72j|-1)/1 +—n p(ﬂl(ﬂ(—l —72Y1
dn 2 p dn

e(*72+r174+3172*1)77
-p

+71 yiy; =0

-1

Then the following result is formed in the second part:

d 1 _ d - 1 _
—(L2YZ)+[§(P1(’7)—74JL2Y2 +671 p(ﬂl(ﬂ{ﬁ—ﬂ/ﬂ’z]— ( 9o~ * 71 pfﬂl(ﬂ)h +
1

dn dn U0 —1)(r2 _1)_ na,
_ e(*74+"274+az72*1)’7 ;
+7 " — WYy =0
where ¢,(r)
e_n
¢1(’7): -
a—e

this will be equal to. Instead of concluding, we can say that the function ¢,(7) (12),
(13) serves as a property of the asymptotic solution of the problem. We present two
theorems that combine all the calculated results.
Theorem 1. k, >0, k, >0 let be given. Next
{f(g):hff‘(:)(uo(l» (20)
9(¢)=hg(¢ )L+o(2))

1

the system of equations (20) will have an asymptotic at 77—>+oo{cj—>alp} point.

Where it will be equal to 0<h’ <+ if one of the following conditions is met:

1) If condition s, > 2p‘_T is satisfied, then will (»,n?) be the solution of the following
nonlinear system of algebraic equations with roots (h,h,)

()" ) =
)" 68 = )

1 __i-12 . By reducing the given values to the system of equations

D(Zki )p_l !
(21), we obtain the following system of equations:
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) m;—2
ho =2 [ 1 jp‘z 2P kPt | P
- 1
24Xk (p)o-2
m, -2

: {kmp)ﬂ ;

2) Given thats, ‘T i=12, (hf,hg) are the roots of the following nonlinear system

of algebraic equations
kp‘l(hl )m1+p 3 al(h1)< ( )k _ 1
ay Pk prP
(22)
kp_l(ho)rnz+p -3 az(hl)k (hZ)( _ 1
az "k, prP

Proof. To prove Theorem 1, we use the substitution (14). When using the self-
similar finding of the solution (6), the following results are obtained similarly to the
substitution (14):

iL1<h1,hz)+(§¢<n)—k1le<m,hz)+

W 5 o)+ 2L ol + ) =0,
V4 x° (23)

iL2<m,h2>+(§¢<n>—kz]Lz(m,h2>+

dn

h, —kyh
2252 () 22 o), + gl )= 0.
P x

L o(n)=e"Y i=12 after performing the calculations, the system

[ (@)
dh,

P2 dh
Lz(hlahz)zhénzl(a J [d; kzth

As can be seen from the substitution (14) that we calculated, the properties of the
asymptotic solution in (12) » -+« will be appropriate when there is an arbitrary + in the

system of equations (23), since the following conditions are appropriate

ﬂ—kh #0, h()>0,i=12.
dn

where go(n)z e_ﬂ_
a-e’
of equations (23) is compressed as follows:

Li(hhy)= h{“l‘l( % Kby

- I(ZhZ

First, we show that n(5), h,(;) are the finite roots (solutions) of

the system of equations (23). We enter the markup as follows. At
1 —+0

March, 2023

https://t.me/ares uz Multidisciplinary Scientific Journal




Academic Research in Educational Sciences Volume 4 | Issue 3| 2023

ISSN: 2181-1385 ISI: 0,967 | Cite-Factor: 0,89 | SIS: 1,9 | ASI: 1,3 | SJIF: 5,771 | UIF: 6,1
|

bi(7)=Li(h.hy ), i=1.2.
Now we can write the system of equations (23) in its new form

by = G oln)- kljbl + hll_pkihl oln)+ %co(ﬂ)(hl +oi(nh =0

’

' h, —k,h ;
b, :[%¢(n)—szb1 + lej : cv(n)*%(p(”)(hﬁ‘/’z(")h?):o

To make the system of equations more compact, we will make changes with new
functions

v )= —(i(p(n)— kljvl . _plfim o)~ pln)y + ()it )=0
x P x

' h, —k,h
wa(02m) = > oln)—k, o) —2—2 Zco(n)—ico(n)(hz +¢2(’7)h252):0
X z° z°

where v,,i=12 is a real number. The functions », given in the above equation will
be appropriate in any of the following conditions given for each of the
l77ui ,+oo)c[770,+oo)(0<770 <77,)|) intervals ne |_77Ui ,+oo)
wi(v,1)> 0, yo(vz,7)<0.
In the system of equations (23), the boundary of the function b,() is located on the
interval 7 <, +») (taking into account the theorem), and the following data are relevant:

lim b;(17) <+, lim b; (7)=0.
—>+0© n—>+0
From the above conclusions, we get the following result:
lim h;(7)=h? < +e0, lim h; (7)=0.
n—>+00

n—>+0

Now we will put the obtained results in a system of substituted equations, from
where we will begin the proof of the theorem:

lim by (7)= lim —[iso(n)— kljul N _plfihl cv(n)—a—lpw(n)(hl o) |=0
n—>+x0 171—>+00) l Z

g (24)

lim by (7)= lim {— (igo(n)— kzjull - hzll_pkfhz qo(n)—%w(n)(hz + ¢, ()hy? )] =0

n—>+0 17—+ V4

Taking into account the obtained limit intervals, we pass from the system of
equations (24) to the system of algebraic equations (21):

)" "6 =
02 =,
_ — opit
ey 2 -
e
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where is s =% ,i=12 . It can be seen from the results obtained that we have

obtained the asymptotic form (20), that is, the theorem is proved. From Theorem 1, we
can conclude that in casek, <o,i=12, rapid diffusion occurs. Therefore, we investigate the
regular asymptotic of the fast diffusion state in the self-similar solution (20) ¢ -+~ and
determine the following limiting conditions

f(0)=k, >0, f(:0)=0
{9(0)= k, >0, g(:0)=0 (26)

In (12), we perform the following replacement

f(g): f_(g)hl(ﬂ)
{g@):q(;)hz(n) 27)

all the coefficients listed here have been determined above.

Theorem 2. Solutions of the system of equations (20) under the given conditions
k <0,k,<0,68 >1i=12, n—+0o( —+o) Will have the following asymptotic form

{r(g): W Neolr) (28)
9(¢) =g N +o(L)
here it will be equal to 0<h° <+ if one of the following conditions is met:
1) If  condition  (N-Ifm —2(ms;-2)-(p-2P]-(p—n-1Xp-m-1>0  and
_ p—(m; +1) L icfi 01,0 i i

S e e R satisfied, then (n?,n?) will be the solution of the
following system of nonlinear algebraic equations with roots (h,,h,)

b e
(i >

2) If  condition  (N-D|m -1fmy; -1)-(p-2P]-(p-n-1Yp-m-1)<0  and

a < p—(m +1) ~.i=12 are satisfied, then (n0,n¢) will be the solution of the

(m; =1)(mj; —1)-(p—-2)

following system of nonlinear algebraic equations with roots (h,,h,)

R, 0 ] L= —

p1
0 )pfz oYL > 1 kllal (30)
(5+Zk2)qk2h2‘ (hl) +W_W=O

Proof. We substitute (12) into the system of equations (27) initially, and we get the
following form:

dd_nLi (hl7h2)+(%¢l(77)_kijLi(hlth)"'

1 ' . )
el -k sl g )<o
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-n

where is 1 ¢,(n)=

S 0a(n)=e" g, (), i =12,and
ﬂ+ kih,

p-2
—pm-1 % h
Li(hlﬁhZ)_h&i (dﬂ j (dn+klhlj'

As a consequence, the study of the properties of the solution of the asymptotic
system of equations (14) in (31) is the same as the study of the system of equations (2)

around, since the following condition is always appropriate

M kb 20, h(7)>0,i=12.
dn

Thus, we pass from the system of equations (31) in 5 -+« to the system of
algebraic equations (30) with the necessary conditions. The proof of Theorem 4w
occurs in this way.

CONCLUSION

The results of computational experiments show that the iterative methods listed
above would be effective in solving nonlinear problems. Nonlinear effects result if the
nonlinear division method and linear self-similar solutions are used as the initial
approximation of the solution, in which the standard equation is constructed in a
functional way. As expected, to achieve the same accuracy, the Newton method requires
less iteration compared to the Picard methods and the special method due to the successful
choice of the initial approach. In each of the cases considered, the Newton method has the
best approximation by choosing a good initial approximation. In some cases, the total
number of iterations is almost two times less, and the maximum number of iterations is
almost 4 times less than in other methods. The results of numerical calculations show the
influence of the numerical speed of distortion propagation, and the localization of the
resolution depends on the values of the numerical parameters. All the results of digital
experiments are visualized.
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